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The Schur multiplicator carries a filtration whose study is motivated by its relationship with 
problems about integral dimension subgroups. This filtration is investigated for torsion-free 
nilpotent groups and for divisible nilpotent groups. 
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1. Introduction 
Let T denote the additive group of rationals mod 1 and let G be a multiplicative 
group. Regard T as a trivial G-module. A 2-cocycle f: G x G+ T is called a 
polynomial 2-cocycle [2] of degree 4 n if the linear extension of f to ZG x ZG 
vanishes on ZG x Ani’( G), w h ere A(G) is the augmentation ideal of the integral 
group ring ZG. Let P,,H*( G, T) be the subgroup of the Schur multiplicator H2( G, T) 
consisting of those cohomology classes which possess polynomial 2-cocycles of 
degree dn as representatives. Then we have a filtration [3, p. 641 
of H’(G, T) whose study is motivated by its relationship with problems about 
integral dimension subgroups D,(n) defined, for a group n, by D,(n) = n n 
(l+A”(fl)), n 2 1. Some properties of this filtration have been obtained by Passi- 
Stammbach [4]. It is not known whether, for every nilpotent group G, there exists 
an integer n such that P,,H’( G, T) = H2( G, T). Some positive results in this direction 
have, however, been obtained by Passi-Vermani [5]. This work is a continuation 
of [S] where it is proved, for example, that if G is a nilpotent group which is either 
finitely generated or torsion-free, then P,H*( G, T) = H2( G, T) for some n. 
If G is a torsion-free nilpotent group of class c, then we note that P3c+lH2( G, T) = 
H2(G, T). This is an improvement on the corresponding result given in [5]. We 
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show that if G is a divisible nilpotent group of class c, then P,H2( G, T) = H2( G, T). 
Consequently divisible groups have the property that 
for all n 3 1, where -y”(G) is the nth term in the lower central series of G and l(G) 
is the centre of G. This strengthens the result of Riihl [6] which states that divisible 
groups have the dimension property, i.e. D,(G) = m(G) for all n 2 1. 
2. Torsion-free nilpotent groups 
It has been observed in [5] that if G is a torsion-free nilpotent group of class c, 
then PJf2( G, T) = H2( G, T) for n = c2 + 4c + 1. The proof is based on the following 
result of Hartley [l]. 
2.1. Lemma. Let G be a nilpotent group of class c, K a normal subgroup of G such 
that G/K is torsion-free. Let V be a Z K-module such that VA”(K) = 0 for some b 3 1. 
Let W be the induced module W = VG = V OK Z G. Let V, be any K-submodule of V 
and W, = VP < VG. Then 
WA+L’“,b7c’(G)n W,S W,A”(G) 
foranyaal, where$(a,b,c)=(b-l)c(c+l)+ac. 
We note that Hartley’s proof of the above Lemma yields a much sharper result 
when K is central in G. 
2.2. Lemma. With the hypothesis of Lemma 2.1 if in addition, K is central in G, then 
WA**(a,bzc)(G)n W,S W,A”(G) 
foranyaal, where+*(a,b,c)=2c(b_l)+ac. 
2.3. Theorem. If G is a torsion-free nilpotent group of class c, then P3C+, H2( G, T) = 
H2(G, T). 
Proof. Let 5 E H2( G, T) and 1 + T + IT + G + 1 be a central extension corresponding 
to 5. Then II is a nilpotent group of class SC + 1. Applying Lemma 2.2 =with 
V=ZT/A2(T), V,=A(T)/A2(T), a=l, b=2, we get 
A3c+3(LI)nA(T)ZL7~A(T)A(IJI). 
This implies that 
Tn(l+A 3c+3(ZT)+A(T)A(Zi’))=(1). 
Hence, by [5, Proposition 2.11, 5~ P3C+lH2( G, T). 
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Lemma 4.2 of [ 11, under the assumption that K is central in G, can be improved 
to give us the following: 
2.4. Lemma. With the hypothesis of Lemma 2.2, 
WA4*‘b3c’(G)n V=O, 
where +*(b, c)=2c(b-l)+l. 
Applying Lemma 2.4 to the module V = Z K/A “( K), we get the following theorem. 
2.5. Theorem. Let G be a nilpotent group of class c containing a central subgroup K 
with torsion-free quotient. Then 
A’*‘b3c’(G)nZK~Ab(K). 
An immediate consequence is the following: 
2.6. Corollary. Let G be a nilpotent group of class c such that the torsion subgroup is 
central. Then D2C+l( G) = (1). 
3. Divisible nilpotent groups 
Rijhl[6] has proved that divisible groups have the dimension property. This result 
is proved by Rijhl in two steps. First it is shown that if G is a divisible nilpotent 
group such that G/ y2( G) is of finite rank, then, for sufficiently large n, D,,(G) is 
trivial. Next it is shown that if G is a divisible nilpotent group of class c, then 
D,+l( G) = Dc+J G) = . . . . We observe that if G is a divisible nilpotent group, then 
its torsion is central. Thus Corollary 2.6 provides an alternative proof for the first 
step in Riihl’s proof. We can use RGhl’s theorem to prove the following theorem. 
3.1. Theorem. If G is a divisible nilpotent group of class c, then PCH2(G, T) = 
H2(G, T). 
Proof. Let 5 E H2( G, T) and 1 + T + IZ + G + 1 a central extension corresponding 
to 5. It is then easy to see that U is a divisible nilpotent group of class s c + 1 and 
A(II)A( T) s A”(n) for all n 2 1. Hence 
Tn(l+Ac+2(17)+A(II)A(T))= TnD,+,(lI). 
Since D .+2(II) = 1 by RGhl’s Theorem, we conclude from [5, Proposition 2.11 that 
5~ P,H2(G, T). •I 
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3.2. Corollary. If G is a divisible group, then 
Gn(l+A”(G)+A(G)A(S(G)))=y,(G) 
for all n 2 1. 
Proof. Induction on n and [5, Lemma 2.3(i)] give the result. 0 
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